
Duality in Linear Programming



Linear Programming Duality

In the section of sensitivity analysis of Linear Programming, we asked the following question:

• For the furniture problem, is it profitable to make a third product, like desks?

• Assume that the price of the desk is $110, 

• and the desk consumes 15 units of mahogany and 25 units of labor.

• Shadow prices determine the marginal worth of an additional unit of a resource:

• The shadow price of the mahogany capacity constraint is $1.

• The shadow price of the labor capacity constraint is $4.

• Let’s compute the opportunity cost of making one desk and compare it with the price of a desk. If 

this opportunity cost is greater than the desk price, then it is not worth it to make desks. 

• The opportunity cost can be computed by multiplying the units of mahogany capacity that one 

desk built consumes by the shadow price of mahogany capacity, and multiplying the units of 

labor  capacity that one desk built consumes by the shadow price of labor capacity:

• That is, ($1)*15 (units of mahogany) + ($4)*25 (hours of labor) = $115 > $110.

• Therefore, investing resources to produce desks, otherwise used to produce chairs and tables,  

is not profitable. 



Duality in Linear Programming is an

unifying theory that established the

relation between an LP problem –

called Primal Problem, and another

related LP problem –called Dual

Problem, where its decision variables

(dual variables) are the shadow

prices of the resource constraints.
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Furniture Problem: Primal and Dual problems

The primal and dual of the Furniture problem are:

1.0 𝑀𝑎𝑥 𝑟𝑒𝑣𝑒𝑛𝑢𝑒 = 45𝑥1 + 80𝑥2

2.0 5𝑥1 + 20𝑥2 ≤ 400

𝑥1, 𝑥2 ≥ 0

3.0 10𝑥1 + 15𝑥2 ≤ 450 Labor

Chairs Tables

Mahogany

Primal

4.0 𝑀𝑖𝑛 𝐶𝑜𝑠𝑡 = 400𝑤1 + 450𝑤2

5.0 5𝑤1 + 10𝑤2 ≥ 45

𝑤1, 𝑤2 ≥ 0

6.0 20𝑤1 + 15𝑤2 ≥ 80

Labor

Chairs

Tables

Mahogany

Dual

• In this dual problem, the decision variable w1 represents the opportunity cost of the mahogany resource, and 

w2 is the opportunity cost of the labor resource. These decision variables are the shadow prices of mahogany 

and labor capacity.

• Notice the switch between the objective function coefficients and the right hand sides of the primal and dual 

problems. 

• Also, notice that the rows of the primal problem are the columns of the dual problem. This means that 

inequalities (5.0) and (6.0) ensures that the opportunity costs of consumption of resources per unit of production 

of chairs and tables, respectively, should be at least the value of their price. The objective is to minimize the 

resource opportunity costs.
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4.0 𝑀𝑖𝑛 𝐶𝑜𝑠𝑡 = 400𝑤1 + 450𝑤2

5.0 5𝑤1 + 10𝑤2 ≥ 45

𝑤1, 𝑤2 ≥ 0

6.0 20𝑤1 + 15𝑤2 ≥ 80
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Furniture Dual Problem: Graphical solution



($1, $4)
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Objective Function = $2200

4.0 𝑀𝑖𝑛 𝐶𝑜𝑠𝑡 = 400𝑤1 + 450𝑤2

5.0 5𝑤1 + 10𝑤2 ≥ 45

𝑤1, 𝑤2 ≥ 0

6.0 20𝑤1 + 15𝑤2 ≥ 80
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Furniture Dual Problem: Graphical solution



Furniture Dual Problem: Parametrized



Furniture Dual Problem: Solved with Gurobi ..1

The data of the Furniture Dual problem is identical to the original Furniture problem –called Primal Problem.



Furniture Dual Problem: Solved with Gurobi ..2

The right hand side of the constraints are the price of each product. The left hand side is the opportunity cost 

of consuming each resource when making the products. The sense of the inequalities is greater than equal 

to have an evaluation of the resource at least equal to the price.   

GRB.MINIMZE is the default 

Coefficients in the objective function are the resource capacities



Furniture Dual Problem: Solved with Gurobi ..3



Furniture Dual Problem: Solved with Gurobi ..4

Gurobi solver finds the optimal solution 

of the Furniture dual problem

The optimal value of the shadow price for mahogany is $1.00

The optimal value of the shadow price for labor is $4.00

The optimal objective function value is $2,200

$1.00
$4.00
$2,200
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• The “shadow prices” of the products’ constraints are 14 tables and 24 chairs. These are the 

optimal (make) values of the Furniture primal problem. Notice that in both problems, primal and 

dual, the optimal objective function value is $2,200. This is not a coincidence!!!



Duality in Linear Programming

Remarks: 

• In general, it can be shown that the dual of a dual problem is the primal problem, and that when 

either problem has an optimal solution, the other problem also has an optimal solution, and the 

optimal objective function value of both problems is the same.

• Another important feature of duality in linear programming is that the optimal solution of the dual 

problem is contained in the information provided by the simplex method while solving and 

finding an optimal solution to the primal problem.

• Duality in linear programming provides a good characterization of optimality conditions that can 

be exploited computationally to solve LP problems efficiently.



Dual (minimize)Primal (maximize)

i’th variable ≥ 0 i’th constraint ≤

i’th constraint ≥ i’th variable  ≤ 0 

j’th constraint ≥ j’th variable ≥ 0

Relationship between primal and dual problems

i’th constraint = i’th variable  unrestricted

j’th variable ≤ 0 j’th constraint ≤

j’th variable unrestricted j’th constraint =

1)

2)

3)

4)

5)

6)

Remark:

Notice that the relationship between the Furniture primal and dual problems  is captured by rows 1) and 4)

1.0 𝑀𝑎𝑥 𝑟𝑒𝑣𝑒𝑛𝑢𝑒 = 45𝑥1 + 80𝑥2

2.0 5𝑥1 + 20𝑥2 ≤ 400

𝑥1, 𝑥2 ≥ 0

3.0 10𝑥1 + 15𝑥2 ≤ 450 Labor

Chairs Tables

Mahogany

Primal

4.0 𝑀𝑖𝑛 𝐶𝑜𝑠𝑡 = 400𝑤1 + 450𝑤2

5.0 5𝑤1 + 10𝑤2 ≥ 45

𝑤1, 𝑤2 ≥ 0

6.0 20𝑤1 + 15𝑤2 ≥ 80

Labor

Chairs

Tables
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Dual


